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Over the last 15 years, several popular systematic abstraction frameworks have emerged—frameworks that
allow a static analysis to be derived by systematically transforming a concrete semantics. These frameworks
guarantee computability of the resulting artifact by the application of an a priori abstraction which induces
a particular finitization in the execution space. While effective, this abstraction occurs without regard for
program structure, subjecting each program point to the same fixed degree of context sensitivity. In this
paper, we present CGADI, an enhancement to systematic abstraction frameworks based on definitional
interpreters which defers abstraction until a parameterized safety property signals that it should be applied.
We then examine this enhanced framework instantiated with two such safety properties: a simple reentrancy
property which detects non-recursive portions of program execution, and a size change property which detects
evaluation paths destined to converge by virtue of appropriately decreasing values along them. The result
is that CGADI can operate in the fully-precise concrete space for portions of execution without forfeiting
computability. Our evaluation demonstrates that CGADI is able to produce a higher number of precise results
than a corresponding CFA at relatively low cost and that, with no special treatment, CGADI can handle many
programming patterns targeted by specific analysis techniques.
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1 Introduction

The Abstracting Abstract Machines (AAM) framework [32] provides a recipe to systematically
transform a small-step abstract machine-based semantics into a sound and computable static
analysis. Its spiritual successor, the Abstracting Definitional Interpreters (ADI) framework [4],
improves on AAM in two ways:

(1) It allows the semantics to be expressed via a definitional interpreter [29] which provides a
more natural setting for many implementations.

(2) It models the run-time stack using the stack of a pushdown automaton [33] which offers
superior control precision.

Subsequent work has enhanced ADI with compositional soundness facilities [19], fine-grained
caching strategies [18], and meta-level staging to accelerate the analyzer [35].

An essential characteristic of AAM—and inherited by ADI—is the a priori coarsening of the
execution space by the systematic abstraction. This is not to say that the approach is not effective or
versatile: Gilray et al. [10] show that it is able to encode a wide variety of existing and novel context
sensitivities and Gilray et al. [11] show how to leverage it to recover pushdown stack precision
under some conditions. However, in each of these cases, the fact remains that the execution space
is coarsened without any necessary regard for the program under analysis.
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270:2 Kimball Germane

Outside of these systematic frameworks, researchers have developed more responsive context
sensitivities. For example, both Montagu and Jensen [26] and Keidel et al. [18] offer strategies to
move beyond the fixed k of k-CFA [30] until recursion is detected.

In this paper, we present an enhanced definitional interpreter framework that incorporates these
and more sophisticated strategies to allow the analysis to respond to the program. Morever, this
framework can be cleanly integrated into ADI’s. Before describing this framework any more, we
examine the problem more closely.

1.1 Too-Static Static Analysis

A flow analysis is a static analysis that seeks a sound account of the values that flow to each
variable and expression. For instance, for the pro-
gram on the right, a sound flow analysis will de-
termine that both add1 and sub1 flow to f1 and
both 12 and 10 flow to x1. However, absent some way to correlate the arguments, a flow analysis
will conclude that add1 may be applied to 10 and sub1 to 12, which does not in fact occur.

To remove such spurious conclusions, flow analyses use context at each control point to dis-
tinguish between distinct points in program execution. For example, the prolific k-CFA uses the
most-recent-k call sites in execution history up to that point and m-CFA [25] uses the top-m stack
frames (each represented as a call site). Each of these contexts endows the flow analysis with a form
of call-site sensitivity. Instantiating k = 1 or m = 1 produces an analysis which is able to determine
that one call to (f1 x1) is made in the context of the previous (but still active) call to (apply1
add1 12) and the other of the call to (applyl subl 10@) and thereby correlate each callee and its
argument.

Although the contexts of k-CFA and m-CFA allow their respective analyses to make new distinc-
tions, they do not allow them to do so arbitrarily: each context space is finite (limited in length by k
and m respectively) and so are the number of distinct contexts in which any given expression may
be evaluated. For any particular k or m, it is straightforward to transform a program which enjoys
precision to an extensionally-equivalent program which doesn’t—a corollary to the result that
non-trivial abstract interpretation (to which CFA may be cast) is necessarily sensitive to intensional
program aspects [1]. The mechanism to thwart the context sensitivity depends on the particular
kind of context used; a well-known disturber of call-site sensitivity is function indirection.! For in-
stance, indirecting the apply1 operator in

the above program, as in the program on .
the right, confuses the previously-precise (define (applyl 1 x1) (apply2 f1 x1))

[k = 1]/[m = 1]-CFA, which now sees two (+ (applyl addl 12) (applyl subl 10))

calls to apply1 but only one to f2. Under this transformation, [k = 1]/[m = 1]-CFA is as imprecise
as 0CFA—a CFA which ignores context altogether—even though it resides in a bigger context and
execution space. Increasing the degree of call-site sensitivity—instantiating the CFA at k = 2—
restores clarity but the flow analysis remains vulnerable to yet another indirection.

(define (applyl f1 x1) (f1 x1))
(+ (apply1 addl 12) (applyl subl 10))

(define (apply2 f2 x2) f2 x2)

1.2 More-Dynamic Static Analysis

Having diagnosed the problem as a finite execution space fixed before analysis time, we prescribe
an analysis which operates in an infinite and unfixed execution space. To this end, we present
CGAD], a definitional interpreter-based static analysis framework which incorporates concrete
evaluation, allowing it to roam an infinite execution space. To maintain computability, CGADI is

IThis argument is easily generalized to other forms of context sensitivity. We keep the discussion grounded in terms of
call-site sensitivity until later.
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Call-Guarded Abstract Definitional Interpreters 270:3

parameterized by a convergence safety property which dictates when concrete evaluation should
give way to abstract evaluation. We offer two such properties: one based on reentrancy to detect
recursion and one based on size change termination. The effect of incorporating concrete evaluation
is that precision is not a priori bounded. For instance, an inductive data structure can be built up
and torn down with perfect precision using CGADI, as long as it upholds the convergence safety
property.

We next walk through some examples to review AAM-style frameworks (§2) and demonstrate
CGADI (§3). We then present a core language (§4) and a concrete (§5.1) and abstract (§5.2) semantics
over it. We then present CGADI (§5.3) as a hybrid of the concrete and abstract semantics. As CGADI
is parameterized by convergence safety property, we present a simple one based on reentrancy
(§6) and a more sophisticated one based on size change (§7). We then compare and contrast the
behavior of CGADI with a classical flow analysis (§8) and conclude with related and future work

(§9).

2 Background: Abstracting Abstract Machines

This section provides background knowledge about the AAM framework. Readers familiar with
this framework may skip this section but should acquaint themselves with our example programs
and notation.

2.1 A Counter without Bound

The program to the right, written with Scheme syntax, uses the recursive 1oop to increment a count
indefinitely. To examine its execution, we can define a CEK machine [8],
each state of which consists a control expression, an
environment, and a kontinuation. (The continuation be-
havior of this program is trivial, so we’ll omit the con-
tinuation component. Thus, our machine more closely resembles the CE machine of Flana-
gan et al. [9].) Omitting trivial argument evaluation, the execution of this program passes
through the states on the left.

(define (loop n) (loop (+ n 1)))
(loop 42)

«@ 42) N Evaluation begins in the initial execution state 1 con-
oop ,

1

2 ((loop (+ n 1)) ,[n 42])
3 {((oop (+ n 1)) ,[n 43])
4 | ((loop (+ n 1)) ,[n+> 44])

sisting of the top-level expression and a base environment
(omitting the loop binding for clarity). After trivial evalua-
tion of the operator loop and argument 42, loop is applied
to 42, execution arrives at state 2. After the addition, the ma-
chine applies loop to 43 and arrives at state 3. The control
expression here is the same as in state 2 so the same evaluation recurs, but in state 3’s environment,
and execution arrives at state 4. This process continues indefinitely, visiting an infinite sequence of
distinct states—an infinite journey through an infinite state space.

2.2 Abstracting the Interpretation

The responsibility of a sound static analysis is to provide a computable account of this program’s
behavior. The AAM framework offers computability through a systematic process which finitizes
the program’s execution space. Once the state space is finite, any journey through it—so long as
it is careful not to retread ground—will be finite as well. The systematic process AAM prescribes
consists of (1) removing direct recursion from the state space definition by redirecting recursive
structure through a store component and (2) finitizing the address space, which finitizes the entire
execution space downstream. We’ll now walk through both of these steps.
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270:4 Kimball Germane

2.2.1 Untie the Recursive Knot. Typical semantic state spaces contain recursively-defined structures:
environments contain higher-order values which themselves contain environments, continuations
contain a frame and another continuation, etc. AAM’s first step is to introduce a store component to
the CEK machine, thereby yielding a CESK machine [7], and redirect all recursive structure through
it. Afterwards, environments don’t map variables to values but to store references (addresses) which
themselves locate values within the store;
continuations are heap-allocated

in a similar way. After ap- ! ((loop 42), 4, L )
plying this step to our CEK 2 ((Roop (+ n 1)) ,[x — xo] ,[x0 — 42] )
machine, execution proceeds 3 ((Loop (+ n 1)), [x— x1],[x0 > 42,x1 > 43] )
through the states on the right. 4 ((Toop (+ n 1)) ,[x — x2],[x0 > 42,x1 > 43,x, > 44])

In contrast to the CEK ma-
chine, the CESK machine binds x in the environment not directly to a value but to an address x, and
binds each address to its corresponding value in the store. One effect of this binding discipline is
that the store accumulates all the bindings made during execution and thus offers a comprehensive
account of them. Although execution still proceeds without bound at this point, the machine state
definition is poised for the AAM’s next step.

2.2.2  Bound the Unbounded. With no more recursively-defined structures, the only remaining
source of unboundedness is infinite domains—in our case, the address and integer domains. AAM’s
second step is to finitize the address domain and abstract the integer domain to prohibit any infinite
ascending chains. Finitizing the address domain ensures that the store cannot indefinitely grow
horizontally with entries at fresh addresses. Limiting store growth in this way all but ensures that
allocation will occur at an already-allocated address, in which case the entry becomes the least
upper bound of the previous resident and the new. Prohibiting infinite ascending chains in the
domains that may be store-allocated ensures that the store cannot indefinitely grow vertically with
new entries at old addresses. Together, these limitations ensure that the store space is finite and,
with all recursive structure allocated therein, that the execution space is finite in turn.

To illustrate limiting horizontal growth, we finitize the address space to the set of program
variables—a choice which induces 0CFA [28]—but abstract the integers with a powerset do-
main which has infinite ascending chains. Using this finitization, execution visits the states on
1 ((loop 42), 1, n ) the left (and more). On each transition, the
2 ((loop (+ n 1)) ,[n+n],[n— {42}] ) store accumulates all values bound to n on
3 ((Loop (+ n 1)),[n+ n],[n+> {42,43}] ) that path. The result of an access to n then
4 ((Loop (+ n 1)),[n+ n],[n > {42,43,44}]) becomes nondeterministic, so that execu-

o tion is no longer characterized by a trace
but a graph. For example, when n is accessed in state 3, the result is nondeterministically 43 and 42,
so that state 3’s successors include both state 4, in the former case, and state 3 itself, in the latter.

To illustrate limiting vertical growth as well, we abstract integers to a flat domain in which the
least upper bound of distinct integers is T ;. This abstraction induces the set of states to the right. As
before, state 1’s successor is state 2 and state 2’s is state 3. In the transition from state 2 to state 3, the
42 at n is joined with 42 + 1 = 43, yielding T ;.
Having reached the top of the store space, state
3’s successor is state 3. In contrast to the exe-
cutions under the previous abstract machines,
these states constitute the entire abstract execution space of the program or, put differently, they
are a OCFA analysis of the program.

1 ((loop 42), 1, L )
((loop (+ n 1)),[n+>n],[n+— 42] )
3 | ((Qoop (+ n 1)) ,[n+n],[n Tiyl)
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2.3 Analyzing Factorial

The 0CFA just derived via the AAM recipe is general and can produce analyses of other programs too.
Let’s apply it to the facto-
rial program to the right.
This program is tail-recursive,
which keeps continuation behavior trivial, so we once again omit the continuation component from
machine states. We also omit the identity-map environments characteristic of 0CFA. Execution
visits a state space consisting of the states just below.

Execution begins in state 1 and transitions to state 2. Because of our use of a flat numeric domain,
n and a exhibit precise values in this state. With a precise value for n, the guard is evaluated precisely
and state 2’s sole successor is state 3. The arguments to the recursive call are computed and the
flat numeric domain represents each as T, in state 4. Now execution is once again at the guard,
but n and a are abstract, so each out-

(define (fact n a) (if (zero? n) a (fact (-n 1) (*x na))))
(fact 5 1)

; é(fact?S D [ o 5.0 1] ; come of the guard must be considered.
3 <§?eri. (T) ' 1y (x 3 [n o s, @ o 1] ) Consequently, state 4’s successors in-
4 ( ac - n na ,[n T @ o Tol) clude both states 5a and 5b. State 5a is
54 <§zero. n. [: . _l_mt’: L _I_mt]> a terminal state, indicating that the re-
s ints int . .
5h ((Fact (= n 1) (% n a)).[n > Tima > Tin]) sult of the program is bounded by T,

(i.e. the result could be any number).
State 5b performs the recursive call and transitions back to state 4.

3 CGADI: A Finite Journey through Infinite Space

Having seen a few examples of an AAM-induced finite execution space, we can now explain how
CGADI is able to finitize its execution in an infinite space by combining concrete and abstract
execution.

Classical analysis operates in a single mode—one which we might call abstract—in which all
evaluation, allocation, and binding operations are carried out abstractly. A CGADI analysis by
default operates in concrete mode, in which evaluation, allocation, and binding are carried out with
complete precision, and, when necessary, shifts to the abstract mode of a classical analysis. The
necessity of this shift is determined by a call guard, a parameter of the analysis.

The job of the call guard is to ensure that convergence of the current evaluation path is guaranteed.
There are a wide variety of approaches a call guard can take to obtain such a guarantee; in this
paper, we consider two.

(1) The reentrancy call guard permits concrete interpretation on any path that has not reentered
an active function, an act which signals recursion in execution (§6). This call guard implements
the strategies used by Montagu and Jensen [26] and Keidel et al. [18].

(2) The size-change call guard utilizes the size-change termination principle [20] to maintain
concrete interpretation on paths that are decreasing on a well-founded metric (§7). This call
guard is original to this work.

CGADI eagerly switches to abstract mode without appealing to the call guard when control
(e.g. branching and function call) depends on an abstract or nondeterministic element. On the
other side of the coin, CGADI proactively restores concrete mode on all non-tail (e.g. argument)
evaluation, which allows it to retain concrete precision in the leaves of the computation tree, which
can naturally lead to increased precision downstream.
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270:6 Kimball Germane

3.1 The Size-Change Principle for Program Termination

Before we take a look at CGADI in action, we offer a brief primer on the size-change termination
(SCT) principle [20] that underlies the size-change call guard.

The SCT principle is based on the observation that any ostensibly-infinite path along which a
well-founded metric monotonically decreases must in fact be finite. Lee et al. apply this principle
to the argument values passed along call sequences. Specifically, the principle admits that, if some
argument is decreasing across the subsequence of recursive calls to any particular function, then
that call sequence is guaranteed to terminate.

Lee et al. show how to detect SCT violations using a size-change graph (SCG), which summarizes
the size change between argument values along a path. An SCG is bipartite with references to
initial path values in one partition, references to terminal path values in the other, and labelled

. edges from initial to final value references expressing known
(def}ne (fxy) (gx (-y1))) size-change relationships. For example, given the definitions
(define (gab) (+a (Fbb))) orfang g on the left, the relationship between f’s parameters
and g’s parameters, bound to the arguments of the call to g within f’s body, are summarized
by the size-change graph on the right. Perhaps counterintuitively, this graph does not state that

x is less than or equal to a; instead, it states that, on the path from f’s call to g’s call, <
the value of g’s parameter a descends or is equal to (“does not ascend”) relative to X ——— a
f’s parameter x and that the value of g’s parameter b strictly descends relative to f’s <

Y——b

parameter y. An absent edge in the graph (such as, in this graph, between x and b) de-
notes that the values are not known to descend, strictly or not. Similarly, the relationship between g’s
free variables and f’s free variables, bound to the call to f’s arguments within g’s
/ body, are summarized by the graph to the left which states that the values of neither
T x nor y ascend relative to the value of b.
SCGs can be composed to combine the size-change information across two contiguous paths into
an SCG for their concatenation. For example, the two SCGs above can <
be composed to obtain the size-change information between the free x ——— a
variables in a call to f and those of the subsequent recursive call to f. This <
composition is the tripartite graph to the right which can be flattened b/
to the bipartite graph to the left in which the edge between, e.g., y and x is labelled
X / X with the most strict descent of a path from y to x in the tripartite graph.
y < y Any well-founded relation on values can support the SCT principle, though
different relations will vary in their effectiveness on any given program. In this
paper, we employ an SCT-standard relation, exhibiting numeric magnitude for numbers, structural
containment for data structures, and the closure ordering developed by Jones and Bohr [16]; we
discuss this relation in detail in §7.3. Unlike Lee et al. [20] who infer size changes according to
the metric based on the program text, we follow the approach of Nguyen et al. [27] who compare
concrete values dynamically to detect SCT violations as the program runs. In our setting, however,
this comparison is dynamic with respect to analysis time, not run time.

We review the technical criteria to detect SCT violations from SCGs in §7. Until then, we will look
for self-descent on a variable when the domain and range of the SCG are the same, as occurs when
comparing recursive calls of the same function, to establish SCT. Also, going forward, we will use a
more compact notation in which the size change from f to g is denoted {(x,a) —<, (y,b) —<}.

a

AIA

X

3.2 CGADI in Action

Since it doesn’t terminate, the unbounded counter of §2.1 must (1) be recursive, violating the
reentrancy call guard, and (2) fail to satisfy the SCT principle, violating the size-change call guard.
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1 ((loop 42), 4, 4, con,d )

bOdyloop Po (o}
e | e e N———
2 ((Toop (+ n 1)) ,[n ao],L[ag— 42],  con {body o} )
—_—
3 ((Toop (+ n 1)) .[n— ai].,o0[ar — 43],  abs,{body;q,,} )
4 {((loop (+ n 1)),[n—>n], oi[n— |44|um] ,abs ,{bodyloop} )

5 {((loop (+ n 1)) ,[n—>n], oi[n— Tiy], abs ,{bodyloop} )

Fig. 1. The state sequence of 0CGADI analysis of the loop program

Let’s walk through a CGADI analysis of it to see how the reentrancy call guard detects this violation
and how CGADI responds.

CGADI includes a parameter m which refers to the number of stack frames that qualify abstract
evaluation (as in m-CFA [25]). For this walkthrough, we suppose m = 0 so that like the preced-
ing OCFA, a 0CGADI state includes the control expression, the environment, the store, and the
continuation (which we continue to omit). To these components, 0CGADI adds a mode signifier,
indicating whether that configuration’s interpretation proceeds concretely or abstractly, and a call
cache which the call guard may use to track auxiliary data regarding the current path. Here the call
cache contains active entry states.

The five states which comprise the entirety of the 0CGADI analysis can be seen in Figure 1.
Execution starts with state 1 which has an empty environment, store, and call cache, and a concrete
evaluation mode. The transition to state 2 evaluates the argument concretely. No entry for the body
of 1loop exists in the call cache, which means that this is the first call to 1oop on this evaluation
path. Evaluation remains concrete and the concrete argument is bound to a concrete address g in
the store. Finally, the call cache is augmented with the call entry body, . The transition to state 3
proceeds concretely so its argument is bound to a fresh address a;. At this call, however, a call entry
for body,,, exists in the call cache, causing the reentrancy call guard to signal that interpretation
should continue in abstract mode. Accordingly, state 3’s transition to state 4, another recursive call,
is performed in abstract mode. In non-tail position, its argument is evaluated in concrete mode
and yields the concrete value 44. Because the call itself is in abstract mode, this argument value is
abstracted (via the abstraction function | - | ) and allocated in the store, as dictated by 0CFA. From
state 4, the input to the argument calculation is abstract; nevertheless, the resulting argument value
is kept precise as the abstract value |45]|. State 4 transitions to state 5, whose store is calculated as
o1[n = |44]um] U [n > 45| pum] = o1[n = |44 pum U |45]num] = o1[n — Tin:]. (This evaluation
uses the “crush” store extension technique [4] which preserves as much precision as possible when
calculating values and approximates only when joining in the store.) State 5’s successor is itself,
and the 0CGADI analysis is complete.

3.3 When the Size-Change Canary is Silent

The previous analysis showed how 0CGADI deployed with a reentrancy call guard transitions to
abstract interpretation in the face of a nonterminating program by detecting recursive calls along a
path. As a safety condition, this criteria is very broad, as it would also induce abstract interpretation
for the factorial program of §2.3. But, this program, while recursive, obeys the SCT principle, and
we will now examine how 0CGADI deployed with a size-change call guard justifies its concrete
interpretation.
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270:8 Kimball Germane

1 ((fact 5 1),1, 1, s )
Po ) Co

2 | ((zero? n), [n—> ag,at> a1], Llagr 5,a; — 1], [bodyeser > ([(n,n) =<, (a,a) —<], po)])

3 | (callgacts  pos 00, Co )
P1 o1 G

((zero? n), [n—aza as], oolaz > 4a3 5],  [bodyesee = ([(n,n) H<,(n2) —<],p1)])

5 | (callpaet,  p1, a1, G
P2 [op] CZ

6 ((zero? n), [N+ ag,a> as], oi[as = 3,a5 - 20], [bodysscr - ([(n,n) —=<],p2)] )

7 (callgyct, P2, o9, Cy )
Ps a5 Cs

12 | ((zero? n), [n> ajg,a > aii],oalaio = 0,a11 = 120],[bodys,cy > ([(n,n) <], p5)] )

13| (a, ps, as, Cs )

Fig. 2. The state sequence of 0CGADI analysis of the fact program

Because 0CGADI is able to maintain concrete evaluation for the entire analysis, we will dispense
with mode signifiers from states. Under the size-change call guard, the call cache contains an SCG
over the free variables of the initial and terminal entry states on each path as well as the environ-
ment of the initial entry state by which values can be resolved to calculate size change. Within
the analysis, body;,., denotes the expression (if (zero? n) a (fact (- n 1) (* n a))) and
callgacy (fact (- n 1) (% n a)).

Figure 2 presents the states that arise in a 0CGADI analysis of the factorial function. State 1
consists of the top-level expression with an empty environment, store, and call cache. State 1
transitions to state 2 as the first call to fact is entered. The mode is concrete, so each argument
is bound to a fresh address. Additionally, the transition introduces an initial entry for body;,.,
into the call cache which includes its environment to recover the values of n and a within this
call and a neutral SCG (i.e. the identity of SCG composition) {(n,n) <, (a,a) —<}. 0CGADI
can determine a precise value for the guard (zero? n), and state 2 transitions to state 3. After
evaluating the arguments in state 3, but before carrying out the recursive call, 0CGADI consults the
call cache and discovers a preexisting entry for body;,... 0CGADI produces the SCG {(n,n) <
, (n,a) <} by comparing the (n, a) values (4, 5) for this call to the values (5, 1) of the previous.
(Notice that the comparison detects a to be no larger than n, but this relationship will prove
spurious.) Composed with the initial SCG {(n,n) <, (a,a) +><} from the cache, 0CGADI obtains
{(n,n) <, (n,a) =<} which denotes that n strictly descends from the first call to this one. With
this knowledge, evaluation remains concrete and 0CGADI binds the argument values to fresh
addresses during the transition to state 4. Because n strictly descends each iteration and each SCG
witnesses its descent, each recursive call can be made concretely. As n decreases and a increases,
the non-ascent from n to a detected earlier evaporates so that the SCGs in the cache deeper in
the recursion report only the self-descent of n. After a few iterations, 0CGADI reaches state 12 in
which n is bound to 0. State 12 then transitions to state 13, the exit of the tail recursive function,
and the 0CGADI concludes with a precise value for a in hand.

This program also illustrates that 0CGADI—and CGADI generally—can remain concrete even if
not all environment values are concrete. For instance, if the initial value of a was the abstract value
T int> all subsequent values of a in the recursion would be as well. However, if n remained concrete,
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e € Exp :=letx = ceine|ce

ce € CExp == ae(aey, . . ., aen)f | case aeof pat;, = e;; ... ; pat, = e,end|ae
ae € AExp :=c|p|tag|x|A(xy,...,x,).€
pat € Pat == tag(xy,...,x,) tag € Tag = an infinite set
¢ € Lab = an infinite set x € Var = an infinite set

Fig. 3. Syntax for our A-normal form language

0CGADI would still be able to detect its self-descent and thereby preserve concrete interpretation
of control.

4 Language

We present CGADI for a call-by-value language in A-normal form [9] with higher-order functions,
tagged tuples, and primitives which provide operations over constant and other data. The use of
A-normal form is not essential to our technique—our implementation is over a standard direct-style
language—but it reduces the size of the formalisms substantially. The syntax is presented in Figure 3.

A proper expression e either let-binds a call expression or is itself a call expression. A call
expression ce is either a labelled application expression, a case expression, or an atomic expression.
A case expression discriminates its argument against a finite sequence of patterns which comprise
tags and a finite sequence of variables. We assume that all patterns in case expression are distinct
up to the tag and number of variables. A atomic expression ae is either a constant c, a primitive p, a
tag tag (denoting a data constructor), a variable reference x, or a A term. Tags, labels, and variables
are each drawn from an infinite set distinct from all other syntactic entities. We keep the set of
constants and primitives abstract throughout the development, but explain how to integrate them
at each point.

We assume constructs for mutually-recursive functions, which can be achieved via the Y combina-
tor. We also assume booleans, which desugar to true() and false(), and conditional expressions,
which desugar to case expressions.

A program pr is a closed expression. We assume that programs are alpha-renamed so that each
binding instance of a variable is unique. We sometimes refer to the syntactic domain Lam which is
the subdomain of AExp which includes only and all A terms.

Store allocation will be a major component of the forthcoming semantics. To simplify the address
space structure, we assume an infinite sequence of variables Xo, X, ... distinct from all program
variables which act as indices and support data allocation.

5 CGADI

CGADI combines a concrete and abstract semantics in superposition and employs a policy that
dictates which semantics to apply at each evaluation point. Accordingly, our presentation of CGADI
proceeds first with a concrete semantics (§5.1), then with an abstract semantics (§5.2), and finally
with a hybridization of the two (§5.3).

Before we proceed, however, we overview a few commonalities shared by all of these semantics.

(1) Each semantics specifies call-by-value evaluation in a big-step style, as a relation between
configurations and results. In the concrete and abstract semantics, configurations and results
both consist of entirely-standard abstract machine components found in, e.g., the AAM
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cfg € Config = Exp X Env X Store X Time rslt € Result = Value X Store
p € Env =Var — Addr v € Value = Const + Proc + Variant
a € Addr = Var X Time proc € Proc = Prim + Cons + Clos
o € Store = Addr — Value Prim a potentially-infinite set
Time = Lab” Cons = Tag
Const a potentially-infinite set Clos = Lam X Env

Variant = Tag X Addr”*

Fig. 4. The concrete semantics state space

framework. (In this big-step setting, no continuation component is necessary or present
and the resulting analysis enjoys perfect stack precision.) The hybrid semantics has a few
nonstandard elements, which we detail in its presentation.

(2) For each semantics, the configuration—result relation in each is decomposed to parallel the
syntactic structure of the A-normal form language. In particular, an evaluation relation is
defined for each expression class—proper, call, and atomic—with subsumption rules to respect
the syntactic hierarchy.

5.1 Concrete Semantics

The state space of the concrete semantics is presented in Figure 4. A configuration consists of an
expression e to be evaluated, an environment p in which to evaluate it, a store o modelling the
heap, and a time ¢ providing freshness for heap allocation.

A result consists of a value and a store where a value is either a constant const(c), a procedure
proc(proc), or a tagged tuple vari(tag, (a1, ..., a,)).

The set of constants parameterizes the state space and includes, e.g., numbers and strings. A
procedure proc is either a primitive, constructor, or closure. The set of primitives consists of constant
operators, e.g. arithmetic, and also parameterize the state space. A constructor encapsulates the
tag of the variant that will be constructed when it is applied. A closure is a A term paired with its
closing environment.

An environment is a finite map from variables x to addresses @. A store is a map from addresses
to values v. A value address (x, t) binds a value bound to variable x at time ¢. A variant address
(Xi, t) binds a value bound to index i at time ¢. A time is a finite sequence of call site labels. A result
consists of a value and a store.

Figure 5 presents the evaluation relations.

Evaluation of a proper (let) expression is expressed as a judgment e pot || vo’. In particular,
a let expression evaluates to the value of its body in an environment and store updated with the
value of its bound expression (BonpY-EvAL).

Evaluation of an atomic expression is expressed as a judgment aep ot |}, v o’.Its sole rule relies
on the A metafunction (AE-EvaL), defined as follows.

Alc, p, o) = const(c) A(p, p, o) = proc(prim(p))
Al(tag, p, o) = proc(cons(ag)) A(x,p,0) = (p(x))

A(A(x1, ..., xn)-€, p,0) = proc(clos(A(xy, ..., xn).e p))
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Bopy-EvaL AE-EvAL-SUBSUMPTION
cepot . vo’ a=(x1t) eplx—aldla— o]t | va” aepot |, vo’

7

letx = ceinepot | vo aepot |cvo

CE-EVAL-SUBSUMPTION AE-EvaL
cepat e vo’ Alae, p,0) =0
cepot | vo aepot s vo

CE-AprpLICATION-EVAL
Al(ae, p, o) = proc(proc)
Alaei, p, o) = v; i=1,...,n proc(vy,...,05) 0 €t [appry 007

ae(aey,...,aep) pot . vo’

CE-Case-EvaL
Alae, p,0) = vari(tag; (a1, ..., m,;)) Bi=(xij,t)

o1 =o0o|[f; - o(a))] p1=plxij — Bl j=1,...,m; eiprot | oo
case aeof tag, (x11,..., X1 m,) = €15 ... ; tag, (Xn1,. .., Xpm,) = enendpot . v' o’
Prim-AppLY CoNSs-APPLY
p(Ul,...,Un>O'tJ,Z)O'/ [X,’:(Xi,t) O'i:O'i_l[(Zil—)Ui] i=1,...,n
prim(p) (v1,...,0n) ot Lappty v 0’ cons(tag) vy, ...,0n) 0ot Yapply vari(tag, {(ay,...,an)) on

CLos-APpPLY
=t

a; = (x;, 1) pi = pi—1[xi > ail o; = oi_1[a; — v;] i=1...,n eppont | oo

clos(A(x1,...,Xn).€,p) (01,...,0n) 00t Uapply 0O

Fig. 5. The evaluation relation

Constants and primitives evaluate to corresponding values. A tag evaluates to a constructor
producing variants with that tag. A variable reference locates an address in the environment which
locates a value in the store. A A term evaluates to a closure.

Evaluation of a call expression is expressed as a judgment cep ot |, v o’. A case call expression
evaluates the scrutinee and selects the appropriate clause corresponding to its tag and arity, and
takes on the value of the clause body in an extended environment and store (CE-CASE-EvAL).
An application call expression atomically evaluations the operator and arguments and applies
the opeartor value to a vector of arguments in the successor time (CE-AppLicATION-EvAL). If the
operator is a primitive, the result is determined by the primitive evaluation relation |, a parameter of
the semantics. If the operator is a constructor, a new variant is allocated and returned (Cons-APPLY);
in this case, the address ¢; of argument i is derived from a unique variable X; indicating its position
(see §4), as well as the new time . If instead the operator is a closure, the entry environment
and store is produced and the value of this entry configuration becomes the value of the call
(Cros-ArrLy).

Evaluation of an atomic expression in a call position follows the rule of atomic expression
evaluation (AE-EvAL-SUBSUMPTION) and of a call expression in general position follows the rule of
call expression evaluation (CE-EVAL-SUBSUMPTION).
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Eﬁge@:ExpxmxgﬁTexm rslt € Result = Value x Store
ﬁeszarém % € Value = Const x Proc x Variant
& € Addr = Var x Time proc € Proc = P (Prim) x P (Cons) x P (Clos)
& € Store = Addr — Value Clos = Lam x Env
Time = Lab=" W:Tagxm*

Const a potentially-infinite domain

Fig. 6. The abstract semantics state space

The initial evaluation configuration is given by the injection function 7 defined 7 (pr) = pr L 1L ()
which yields an evaluation configuration with an empty environment and store and the initial
empty time.

5.2 Abstract Semantics

The abstract semantics supports an orthodox control-flow analysis (CFA) and is systematically
derived from the concrete, essentially using the AAM methodology. To compute the analysis in this
big-step setting (in which continuations are implicit), we use the caching strategy of the Abstracting
Definitional Interpreters (ADI) [4] work. In so doing, we obtain a computable interpretation which
models the stack precisely.

The state space is presented in Figure 6. The overall structure of the state space is the largely
the same as the concrete semantics’s. The root difference is the finitization of the address space
achieved by bounding the sequence of labels (constituting addresses) to length at most m. With
a finite address space, an allocation may occur at an already-occupied address. To account for
both the existing and new allocation, the store extension operation gives way to store join. To
accommodate the join of values, particularly from different domains, the value domain shifts from a
sum of concrete subdomains to a product of abstract subdomains. The new address representation
percolates to environments and variants, then closures. A procedure itself is a set of primitives,
tags (standing in for constructors), and closures. The structure of closures is lifted to abstract
environments. A variant is a set of tagged sequences of variant addresses, rather than a single
sequence of values. A store remains a map from addresses to values, albeit lifted to their abstract
counterparts. The set of constants parameterizing the semantics is restricted to a domain with a
lattice ordering with no infinite ascending chains. In the end, the state space structure remains
largely intact, though nearly every part of it has been touched by the change to addresses.

Figure 7 presents the evaluation relations. There are only two essential differences between the
concrete and abstract evaluation relation definitions.

(1) The Cons-AppLy and CLos-AppLy rules truncate the incoming time to at most m labels
using the operator |-],,. Both of these rules use this truncated time to derive addresses for
store allocation. Moreover, because only the CE-APPLICATION-EVAL rule extends the time,
the truncation applied by Cros-AppLY upholds the invariant that times within evaluation
configurations are limited to m labels.

(2) Store allocation is not performed using store update o[a +— v] in which the prior resident
of a (if any) is replaced by v, but rather by store join 6 U [& + 9] which is defined as
6o U 61 = Aa.6p(a) U 61(a) so that accessing & produces ¢ joined with ’s mapping for it.
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AE-EVAL-SUBSUMPTION

Bopy-EvaL . -
cepot|,06 & = (x,1) eplx—aléula—dlilds” aep6il|,o6
letx = ceinep&iflo6” aep6t, 66
CE-EVAL-SUBSUMPTION AE-EvaL
cepéil. o6 A(ae, p,6) =0
cepsillos aep&ill, o6

CE-ArpLICATION-EvAL

Alae, p,6) =0
proc €lgm (6)  Alaenp,6) =0 i=1..,n  Proc(dn....00) 685 i (o8
ae(ae, ..., ae,) p6t, 66

CE—CASE—EVAAL .
ﬂgae, p,6) =0 (tag;, (&, ..,éimi)) €l (9) Bi = (xij,t) )
61=06U[p;— 6(a))] p1=plxi; = Bl j=1....m eip1o1td" 6

A AR AL Ar
case aeof tag, (x1,1,...,X1,m) = €15 ... ; tag, (Xn1, ..., Xnm,) = ependpct| o' &

PRIM-APPLY )
plon,....00) 68006
V6i

prim(p) (01, -, 0n) & & U gppiyy 0 6
CoNs-APPLY
t'=|tlm & = (X;, 1) 6; = 6i—1 U [&; = 0] i=1,...,n
cons(tag) (01, ...,0p) 69 fllapply |vari(tag, (a1, ..., an))| 6n
Cros-APPLY
t'=|tlm & = (x;,1")
pi = pic1[xi & @] 6; =61 U [ = 9] i=1...,n epnbnt |66
clos(A(x1, .., Xn)-€, p) (01, .., 0n) 60 & U gppiy 0 6

Fig. 7. Abstract evaluation rules

Soundness and Computability. Two essential characteristics of an abstract semantics are (1)
soundness with respect to the concrete semantics and (2) computability. In abstract interpretation,
soundness is mediated by a formal relationship between the concrete and abstract state spaces by
way of a Galois connection. This relationship is standard, and we fold our presentation of it into
the hybrid semantics. Anticipating a refinement ordering C over configurations and over results,
soundness is expressed as follows.

THEOREM 5.1 (ABSTRACT EVALUATION SOUNDNESS). If Efgo c Efgl and gfgo { rslto then gfgl U rslty

where rslty C rslty.

This theorem is proven by induction on the evaluation derivation.
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Efg € Config = Exp X Env X Store X Time X Mode X Cache rslt € Result = Value X Store
0 € Value = Value + Value 0 € Store = Addr — Value Mode = {con, abs}

Cache a lattice with no infinite ascending chains

Fig. 8. The hybrid semantics state space

Computability follows from the finiteness of the execution space, making the number of reachable
configurations finite. The analysis can be computed using a big-step caching algorithm (such as the
one ADI provides); it is presented in the appendix.

5.3 Hybrid Semantics

The hybrid semantics combines the concrete and abstract semantics and employs a policy to safely
toggle between them. This hybridization manifests first in the state space, presented in Figure 8. Like
the concrete and abstract semantics, a hybrid configuration includes an expression, environment,
store, and timestamp. In addition, it includes a mode which indicates the semantics under which
the configuration should be evaluated and a path-specific cache which the parameterizing safety
property instantiates with auxiliary data. The set of modes forms a lattice with the single relationship
con C abs. A hybrid value is either a concrete value or an abstract value. Similarly, a hybrid address
is either a concrete address or an abstract address but, as Addr contains ng\r the hybrid address
set is simply Addr. The address and value definitions percolate to other state space components:
stores and results are manifestly hybridized but environments and times are simply concrete.

Figure 9 presents the hybrid evaluation semantics. This semantics is defined in terms of the same
evaluation relations—and even rules—as the previous semantics. It differs in that it (1) accounts for
the evaluation mode, and (2) defers to a termination safety property.

5.3.1 Evaluation Mode. Just as a configuration evaluation is concrete or abstract, its resultant value
is concrete or abstract. The disposition 0° of a hybrid value 0 is the precision of that value in terms
of an evaluation mode. The semantics ensures that configuration evaluation does not yield a value
whose disposition is stronger than its mode by disposing the value, i.e., downcasting it to a weaker
disposition, if necessary. The disposal [§]M is the coarsening of & to the disposition M.

-° 1 Value — Mode [-1 : Mode x Value — Value

con(v)® =con abs(§)®=abs  [6]°" =5  [con(v)]*® = abs(Jo|)  [abs(8)]*" = abs(d)

The disposition is used within the semantics to match the interpretation mode to the precision
of a value on which control depends—e.g. the scrutinee of a case expression. The disposal is used
to match the value precision to the mode requested by the context, such as with atomic evaluation.
Atomic evaluation, via ﬁ, produces a hybrid value.

Ale, p, ) = con(const(c)) f((p, p,6) = con(proc(prim(p)))
jl(tag, p, &) = con(proc(cons(tag))) Alx, p,0) =a(p(x))
AMX1, ..., %n).€, p,6) = con(proc(clos(A(xy, ..., x,).€,p)))

Store update is (effectively) sensitive to the disposition of the resident value (if any) and the
updated value. Given a refinement ordering on values by the reflexive, transitive closure of the
rules

L C con(v) forallv con(v) C abs(9) iff [v| T 0 abs(dy) C abs(d;) iff 4y C 3y
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Bopy-EvAL B .
cepGtconCl, 06 a=(xt) eplx > alé'ladleMClas”
letx = ceinepGtMC[56”

AE-EVAL-SUBSUMPTION CE-EVAL-SUBSUMPTION AE-EvaL
aepctMCl, 06 cep&tMC|, 06 Alae, p,6) =0
aepGtMCl, 55 cepGtMCl56 aepGtMCl, [0\ &

CE-APrPLICATION-EvAL .
. ﬂ(ae’ ps 5—) = 5 proc elp?i‘ (5) .
Alae;, p, ) = 0; i=1...,n proc(0,...,0,) 6 €t MUIG® Clgppp, 0 Gf

ae(ael,...,aen)[p&tMCﬂcﬁfc}f
CE-Casg-EvaL
A(ae, p,6) =0 (tag; (a1, ..., am;)) €l () M =Mug° pi= (xi,j: t)
G =618 6 @)™ pi=plxi; =Bl j=L...m  ep&tM Cl &

case aeof tag,(x11,...,X1m,) = €15 ... ; tag,(Xn1, ..., Xnm,) = ependp &5t MC|, 0" &

Prim-APPLY )
p(By,... . 0p) G155

prim(p) (1., 5n) &t MC [y, [61M &

ConNs-ArpLy
a; = (X, 1) &; = Gi i [6:1M)] i=1...,n

cons(tag) (01, ..., 0n) 6o tMCﬂapply [con(vari(tag, {ay, ..., a,))) 1M 6,

CLos-APPLY B
clos(A(x1,....xn).€,p) (1,...,0n) GEMC —gppry ep’ 6" t' M C’ ep’ &t M C o' &"

clos(A(xy, . .., xn).e,p) (B1,...,5,) 6t MC ]

~17

~/
apply? O

Fig. 9. The hybrid semantics

the update 6[a + 0] of a hybrid store 6 at address « with hybrid value o is sensitive to how refined
the entry of ¢ is at a.

P {5[0{ - 0] if 6(a) C con(v) for some v
glarsd] =

o U [a + 0] if abs(d) C 6(«) for some ¢

Under this definition, a concrete value is replaced by the updated value whereas an abstract value is
joined with the updated value. This policy allows the analyzer to perform strong update [3] when
concrete precision is achieved.

The semantics degenerates to abstract mode at points of nondeterminism. In particular, if the
operator of a call is an abstract value, the call itself is evaluated abstractly. Similarly, if the scrutinee
of a case expression is abstract, the body is evaluated abstractly. While the presented concrete
semantics are deterministic, hybridization of a nondeteriminstic concrete semantics can be achieved
by explicitly abstracting at the points of nondeterminism within the semantics.
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The CE-AppLicATION-EvAL rule depends on the projection of a hybrid value into a set of concrete
procedures.

{proc} if v = proc(proc)

0 otherwise

Lproe (con(v)) = { Lo (abs(0)) =| 5z (0)
{(tag, (a1, ..., an))} if v = vari(tag, (a1, ..., o))
0 otherwise

Liari (con(v)) = { Liari (abs(9)) =l 35 (0)
5.3.2  Structural Mutation. Our framework supports structural mutation, which we illustrate
through the use of boxes. This use entails

(1) including a box constructor with a single field, which the semantics is already defined to
store-allocate;

(2) including the primitives unbox and setbox!, for which the semantics is structured to allow to
specify the particular behavior; and

(3) specifying that behavior through two additional rules of primitive evaluation relation.

UNBOX SET-Box!
(box, (@) €z (6) (box, (@)) €l (B0) & = lar> ]
unbox () 5 t l o(a)c setbox! (9, 01) &ticon(vari(unit, )

The UnBox rule specifies that the unbox primitive, when applied to a single argument value,
projects from that value box values constructed with a single address; the store value at that address
becomes the resultant value. The SET-Box! rule specifies that the setbox! primitive, when applied
to two argument values, projects box values from the first and updates the store at each argument
address with the second argument value.

5.3.3 Safety Property. The CLos-AppLY rules of the concrete and abstract semantics determine
how a closure and its argument correspond to the entry evaluation configuration of the closure
body. The hybrid semantics leaves this rule to be specified by a call guard which implements the
= apply relation. This choice provides the call guard with control over the call argument binding
and the time and mode of the entry configuration. It is supported by a cache, which is left abstract
in this semantics, which it can use to detect violations of a safety property that implies termination.

5.3.4 Soundness and Computability. Soundness and computability are two essential properties of
a program analysis. We articulate each property here and discuss sufficient conditions for the call
cache to establish them, but leave the proof in the appendix.

THEOREM 5.2 (HYBRID EVALUATION SOUNDNESS). If |cfg| T cfg and cfg || rslt then cfg || rslt
where |rslt| C rslt.

This theorem relies on an abstraction function for concrete configurations and a refinement
relation for hybrid configurations.

THEOREM 5.3 (HYBRID EVALUATION COMPUTABILITY). If the call cache has no infinite ascending
chains and the call cache—store product increases on every novel call, then, for any program pr, only a
finite number of distinct states are reachable from I (pr).

Because we are able to phrase computability in terms of reachable states, we can use a standard
caching algorithm to compute CGADI, such as the one offered by the ADI framework. Although
ultimately computability is a statement about the reachable configurations in the aggregate, CGADI
ensures that this number is finite merely by ensuring that each path terminates.
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5.3.5 Computational Complexity. Because CGADI lacks an a priori bound on execution, the compu-
tational complexity of the analysis depends on the behavior of the call guard. However, the ceiling
on the computational complexity the call guard enables is high: even the Ackermann function
obeys the SCT principle and is considered computable even though it is practically incomputable
for even small inputs.

We conjecture that an effective remedy to the threat of high computational complexity is a
proactive abstraction policy to attend the call guard, but we do not explore the design or effectiveness
of such a mechanism in this work.

6 Reentrant Call Guard

One way to ensure that every path terminates is to bound the number of times each path is allowed to
traverse any given block of code. This idea underlies the reentrant call guard which tracks which func-
tion bodies have been encountered (and at which abstract times) and degenerates to abstract evalua-
tion when a function is re-entered. (It is straightforward to generalize this approach to allow multiple
but bounded re-entries, but we illustrate with degenerating at the first reentry.) Although this ap-
proach manifestly precludes concrete evaluation of recursion, it is still able to maintain concrete pre-
cision on all non-recursive subevalua-
tions. For instance, consider the program
template to the right which, though it
applies apply®, apply1,...,applyn each
more than once, applies each at most once
on any evaluation path. Regardless of the
value of n at which the template is instantiated, the reentrant call guard allows CGADI to trace
the data flow completely precisely—which, as the discussion in §1 observed, off-the-shelf analyses
cannot achieve—and this precision is achieved even if this code fragment is embedded within a
larger recursive program.

(letx ([applyn (lambda (fn xn) (fn xn))]

[apply2 (lambda (f2 x2) (apply3 f2 x2))1
[applyl (lambda (f1 x1) (apply2 f1 x1))1)
(+ (applyl addl 12) (applyl subl 10)))

To formally present the guard, we define Signature as the set of expressions—time pairs and
instantiate the Cache as the powerset lattice of Signature.

Signature = Exp X Time Cacher = P (Signature)

For a finite program, there are a finite number of signatures, so this lattice has no infinite ascending
chains.
Using this guard, there are two ways to make a — 4, judgment.
Cros-ApPPLY-NOT-SEEN
t'=|tlm (et)gC C =CU{(et)}

a; = (xi,1) pi = pi—1lxi — ai] 0; = 0i—1[a; ¥ 0] i=1,...,n

clos(A(x1, ..., Xn).€, po) (01, ...,0n) G0 t MC —gpply €ppGut’ MC

CLOS-APPLY-SEEN
t' = LtJm
(e, t/) eC a; = (x;, t,) pi = pi-1lxi — ai] 0; = Gi—1[ai fﬁi]abs] i=1...,n

clos(A(x1,...,%n).€, po) (01, ...,0n) 6ot MC —4ppiy € pnGnt’ absC

The AppLY-NoOT-SEEN rule ensures that, if the signature has not been encountered on this path, the
evaluation mode of the call is as precise as possible, and adds the signature of the entry configuration
to the cache. The AppLY-SEEN rule ensures that, if the signature has been encountered on this path,
the evaluation mode of the call is abstract; the truncated abstract time is used and the abstract
disposal of the arguments are bound.
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7 Size-Change Call Guard

The reentrant call guard of the previous section is effective at allowing non-recursive evaluation
to proceed concretely, but eagerly defects to abstract evaluation when recursion is detected. To
accommodate recursion, we turn to the size-change termination (SCT) principle [20] which states
that a program is size-change terminating if any infinite evaluation path would cause an infinite
descent on well-founded data values. We present a call guard based on the SCT principle which
monitors the size change between configurations to ensure that the SCT principle is upheld.

7.1 Size-Change Graphs

The size change between two states in a path is captured by a size change graph (SCG), a bipartite
graph whose nodes represent state values and edges are annotated with the descent relationship

between the state values. This descent relationship, an element of Order = {<, £, >}, where <
denotes strict descent, < non-strict (also called non-ascending), and > unknown.

State values are those bound to free variables in the control expression of a configuration. We
encode an SCG G as a map from pairs of variables to an element order, where each pair consists of
a free variable in the source configuration control expression and a free variable in the destination
configuration control expression.

Given two SCGs Gy and Gy, where the target control expression in Gy is the same as the source
control expression in Gy, we can consider the composition Gy; G; which conveys the descent
between arguments across the concatenation of the sequences.

We combine two descents with the binary operator @ which is defined by the
table on the right. The @ operator gives the most precise descent while remaining
conservative. If a value descends on two sequences and strictly descends on at
least one of those sequences, it must descend strictly across their concatenation.
If a value merely doesn’t ascend on each, then it won’t ascend across their concatenation, but it
may not descend strictly. If a value ascends on either, then it may ascend on their concatenation.

Using &, we concatenate two SCGs with the binary operator ; defined as

Go; G1 = A(xp, x1) miny evar {Go (%0, x) © G1(x,x1) }

where descents are ordered from most to least precise. The ; operator thus reflects the most precise
descent relationship between two variables that can be had by way of an intermediate variable in
the argument SCGs.

LEMMA 7.1. The SCG composition operator ; is associative.

LEMMA 7.2. The SCG € is the left and right unit of ;.

Thus, we can view the domain SCG as a category wherein objects are variable sets and morphisms
are SCGs. The identity morphism is € and the composition operator is ;.

SCG = Var x Var — Order

We define the function SCG : Exp X EnvX Env X Store — SCG which constructs an SCG reporting
the size change of environment values in the context of an expression and store.

A

if x € free(e), y € free(e), 3(p1(y)) <L &5(po(x))
if x € free(e), y € free(e), 5(p1(y)) =L 5(po(x))
> otherwise

SCG(e’ Pos P1, O-) = A(x’ y)

IA

The definition relies on order, defined in the next subsection, which considers two denotable values
in the context of a store, because the values may contain references into it.
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A SCG G satisfies the SCT condition, denoted SCC(G) when, if it is idempotent, it has a variable
which descends on itself [20]. Formally,

SCC(G) & [G;G = G = Ix € Var.G(x,x) =<]

This fact provides us with a strategy to detect potential nontermination in an evaluation path:
maintain all SCGs G on a path and, at self loops, check whether any G is idempotent and does
not have a arc of self-descent. If so, the program does not obey the SCT principle, and evaluation
should degenerate to abstract evaluation.

7.2 Size-Change Call Guard

Formally, the size-change call guard is defined as follows.

Entry = SD(SCRiG) X Env Cachescr = Signature — EntryI

A cache is a map from a Signature to an element of the flat EthBz domain.

If a signature has not been encountered, the cache maps it to L. If the SCT condition has been
violated at that signature, the cache maps it to T. Otherwise, the cache maps it to a set of SCGs
capturing the size change for each suffix of the evaluation path at this signature and the environment
of the last configuration with this signature so that the size change across it and the next encounter
can be calculated.

The transition judgments are defined as follows.

AprPLY-NOT-SEEN
t' = tlm Cle,t') =1 a; = (xi, 1)
pi = pi-1lxi — ai] G; = i1 [ai ¥ 0;] i=1,...,n C' =C[(e,t") = entry({e}, ps)]

clos(A(xy, ..., x,).e,p0) (D1, ...,0,) 6ot conC — e pp 6, t conC’
p bep

APPLY-SEEN-PRESERVE
t'=tlm C(e, t’) = entry(G, p) a; = (xi, t)
pi = pi—1[xi — ai] 6; = 6i—1[a; ¥ 03] i=1...,n G" = SCG(e, p, pf, 07)
G ={G;G' :G e G} VG € G'.SCC(G) C'=C[(e,t') entry(G’,pf)]

clos(A(xy,...,x,).e,00) (D1, ...,0,) 6ot conC — e pp6,t conC’
p bep

APPLY-SEEN-FORFEIT
t'=tlm C(e, t’) = entry(G, p) a; = (xi, t)
pi = pi—1[xi — o] 6i = Gi_1[a; ¥ 0;] i=1,...,n G’ =SCG(e, p, py, 0y)
G ={G:G':GeG) 3GeG.-SCC(G) C =C[(et) > T]

clos(A(xy,...,%n).€, po) {01,...,0p) GotconC —p e p, 6, t abs C’

APPLY-ABSTRACT-EXPLICIT
t'=[tln
Cle,t)=T  ai=(xit’)  pi=picilxi al  6i=6i1[ai > [6:;1]  i=1,....n

clos(A(x1,...,%n).€, po) (01, ...,0n) GotconC —p e p, 6, t" absC

APPLY-ABSTRACT-IMPLICIT
t'=tlm a; = (x;,1) pi = pi—1lxi — ai] 0; = Gi—1[ai ¥ 0] i=1...,n

clos(A(x1,...,%n).€, po) (D1, ...,0n) GotabsC —y epr Gyt absC
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When a particular signature is first encountered at a call, the ApPLY-NOT-SEEN rule inserts
an initial entry with a unit SCG and the configuration’s environment. When a signature is re-
encountered and has not violated the size change condition, the AppLY-SEEN-PRESERVE and ApPPLY-
SEEN-FORFEIT rules come into play. If, once the SCG of the self loop is calculated and composed
with the previous SCGs in the path, each such SCG obeys the size change condition, the ApPLY-
SEEN-PRESERVE rule allows evaluation to continue in concrete mode. If, however, one of the SCGs
violates the size change condition, the AppLY-SEEN-FORFEIT rule causes evaluation to become
abstract at this signature for the remainder of the path. The AppLY-ABSTRACT-EXPLICIT rule governs
the transition when the size change condition at this signature has been violated previously in the
path. The AppLY-ABSTRACT-IMPLICIT rule preserves incoming abstract evaluation across the call
transition, but does not update the cache.

We first define an ordering on pairs of call caches and their closing stores.

(Co, G0) < (C1,61) & V(e t) € Signature.(Co(e, t),50) < (Ci(e,t),51)
— 50 C 5'1 A {G,SCG(@, £o> pl,O'l) :G e Go} c Gl
Gy C G; & VGj € Gp.3G; € G1.Gy E Gy

This ordering is the same as the refinement relation except for entry(G, p) entries. An en-
try entry(Go, po) is less than an entry entry(Gy, p1) if and only if composing each SCG in Gy
with the size-change graph SCG(e, py, p1, 01) yields a graph which refines one in G;. The graph
SCG(e, po, p1, 01) reflects the descent between the environment values. The idea is that the compo-
sition of G, with this graph produces a lower bound for the size-change summary of the path up to
C;. The condition that 6, refines &; allows us to safely use &; in the size change calculation and is
automatically satisfied by evaluation.

LEMMA 7.3. The ordering < on call caches has no infinite ascending chains.

Since the domain of call caches is finite, it suffices to ensure that its codomain, entries, is free of
infinite ascending chains. Any infinite ascending chain has a suffix entry(Gy, p1) < entry(Gy, p2) <
.... But this cannot exist since we assume a well-founded ordering on values, so, by the SCT
principle, we cannot indefinitely choose p such that the size-change graph is not disturbed.

LEMMA 7.4. If proc (Do, ..., 0n) Gt MC —gpppy, € p' 6" t' M’ C' then either (C,5) < (C',6'),6 C
6’,ore’ p’ 6’ t' M' C’ is a previously-seen configuration on this path.

We have several cases:

(1) C(e, |t']m) = L, ie., this signature has not been encountered on this path; or
(2) C(e, |t'Jm) = entry(G, po) and
(a) it does not detect a size-change violation; or
(b) it does detect a size-change violation; or
(c) M = abs, i.e., evaluation is in abstract mode already; or
(3) M’ = abs, i.e., the entry evaluation is in abstract mode already; and
(a) C(e', |t']m) = T, ie., the call cache already insisted on abstract mode; or
(b) C(e’, [t |m) # T,ie,itdidn’t.
In each case except for (2c) and (3a), the call cache increases. In cases (2¢) and (3a), M" = abs so each
binding was made in the store. If 6 C 67, then we have our result. Otherwise, we have C = C and
¢ = ¢’. Because the store didn’t increase, C(¢’, | t'],,) = T, implying that a call to a configuration
with signature (e, | #’|,,) must have been made previously in abstract mode on this path with the
same environment. Hence, evaluation has seen this configuration previously on this path and it
will be intercepted by the caching algorithm.
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EQUALITY-SUBSUMPTION INEQUAL-CONCRETE-CONCRETE INEQUAL-ABSTRACT-CONCRETE
51 :&Value 50 0 <Value o VZJl c }’(01) 0 <Value Yo
01 5;/“1”8 o con(vy) <V“l“e con(vy) abs(9;) <Val“e con(vy)
INEQUALITY-SUBSUMPTION INEQUAL-CONCRETE-ABSTRACT INEQUAL-ABSTRACT-ABSTRACT
01 <g“l”e Jo Yoy € y(do).01 <Y“l“e vo Yoy € y(0o).Yo;1 € y(31).01 <V“l“e
1 jgalue o con(v;) <Val“e abs(dg) abs(d;) <g“l"e abs(dy)
EQuAL-CONCRETE-CONCRETE EQUAL-CONCRETE-ABSTRACT EQuAL-ABSTRACT-CONCRETE
01 _Value VUO c Y(UO) 0 = Value Vl)l c Y(Ul) 0 = Value
con(v;) :g“l“e con(vy) con(v;) :gal“e abs(dy) abs(d;) :X“l“e con(vy)
EQUAL-ABSTRACT-ABSTRACT EQuAL-BASE CONST
Yoo € y(d9).Vo € y(d1).01 = Value Yo Vg =01 1 <c¢o
5.) = Value : — Value const(c <V“l”e const(c
abs(d;) =, abs(dy) con(vg) =" con(v) (c1) (co)

EQuAL-CLOSURE

Vx € free(A(xy, ..., xp).€).0(po(x)) =g“l”e o(p1(x))

) :Yalue
o

proc(clos(A(x1,...,x,).€ po) proc(clos(A(x1, ..., x,).€,p1))

CLOSURE-SUBPART

EQUAL-VARIANT Value ~
: con(v) 2L 5(p(x))
Vi€ {1,...,n}.o(a;) =" o(;)

) =24 vari(tag, (B, ... Bn))

Value x € free(lam)

proc(clos(lam, p))
vari(tag, (a1, ..., an)

CLOSURE-FIELD
Vx eirfe(lam).fly € free(lam).o(po(x)) <Yal“e a(p1(y))
&(po(x)) 21 5(p1(x)) Ty € free(lam).a(po(2)) <X o(pi(y))

Value

z € free(lam)

proc(clos(lam, py)) <z proc(clos(lam, p,))

VARIANT-FIELD
Vie{l,...,n}.3j € {L,...,m}y.a(a) 25 o(B;)
3je{1,...,mbo(ax) <L a(B))

] e{1,...,n}
vari(tag, (a1, ..., an)) 2" vari(tag, (B1, ..., fm))
CLOSURE-SUBEXPRESSION
lamgy € subexp(lamy) lamgy # lam, Vx € free(lamgy).o(po(x)) jg“l”e o(p1(x))

Value

proc(clos(lamg, po)) ;" proc(clos(lamy, p1))

Fig. 10. Value ordering

7.3 Value Ordering

Figure 10 presents three orders on hybrid values: strict inequality, equality, and inequality. Each order
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is parameterized by a store 6. The INEQUALITY-SUBSUMPTION and EQUALITY-SUBSUMPTION rules
deem strict inequality and equality as inequality. Strict inequality and equality on hybrid values is
lifted to concrete values by a set of eight rules, reflecting the eight possible combinations of concrete,
abstract, and whether equality or inequality. The principle is merely that an abstract ordering holds
with respect to an abstract value if the corresponding concrete ordering holds for all concretizations
of that value. The EQUAL-BASE rule includes structural equality in the equality judgment. The
EQuAL-VARIANT and EQUAL-CLOSURE rules ensure that variants and closures, respectively, with
different addresses but the same structure are considered equal. The ConsT rule lifts a parameter
order on constants into the inequality judgment; in our evaluation, we order numeric values by
magnitude and string values by length.

A value is less than a variant if it is less than or equal to some field of the variant (VARIANT-
SUBPART). Similarly, a value is less than a closure if it is less than or equal to some value in the
closure’s environment (CLOSURE-SUBPART). For two variants that share a tag, one is less than
another if each of its fields is less than equal to a field of the other and at least one field is strictly
less than one of the other (VARIANT-FIELD). Similarly, for two closures over the same lam, one is
less than another if each binding in one is less than or equal to a binding in the other and at least
one field is strictly less than one of the other (CLosURE-FIELD). Finally, we include an ordering on
closures where a closure over a subexpression is less than another closure if they agree on the
bindings of the subexpression [17].

8 Empirical Evaluation

We deployed CGADI on two sets of benchmarks: a standard set drawn from the modern control-flow
analysis literature [6, 12] and a subset of the Larceny R6RS benchmark suite which has been used
as a static analysis benchmark. We do not report on programs with mutation nor larger programs
designed to provoke the exponential behavior of k-CFA for k > 0. (For the latter, CGADI is able to
handle them completely concretely and with fewer states.)

The evaluation code resides at the following repository.

https://github.com/byu-static-analysis-lab/cg-sct-cfa

8.1 Control-flow Analysis Benchmarks

We break these benchmarks up into three categories.

8.1.1 Pathological Benchmarks. These programs were crafted specifically to provoke the weak-
nesses of contemporary static analyses.

facehugger contains binding patterns which cause static analyses to conflate values and waste
effort on spurious paths

blur contains binding patterns which lead static analyses to confuse types

eta contains binding patterns which cause static analyses to conflate base values

kcfa2, kcfa3 synthesized to provoke worst-case behavior for k-CFA

8.1.2 Data and Control. These programs exhibit a mix of data and control encodings emblematic
of modern idiomatic code.

mj@9 contains a mix of direct style and continuation-passing style code exercising the data—control
interpretation

sat-brute a brute-force SAT solver parameterized by a functional formula

map-pattern contains applications of map on static inputs

regex-derivative an implementation of a derivative-based regular expression matcher [2]
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8.1.3 Number Theory. These programs implement simple cryptosystems and the functionality
that supports them.

fermat an implementation of the Fermat primality test

solovay-strassen an implementation of the Solovay-Strassen primality test

rsa an implementation of the RSA algorithm with static inputs

rsa-abstract-plaintext an implementation of the RSA algorithm with static exponents and a
dynamic (unknown) plaintext

8.1.4 Comparison. We compare the performance of a standard stack-based? k-CFA and a hybridized
stack-based k-CFA using a size-change call guard. We instantiate each analysis for k = 0and k = 1
obtaining standard (albeit stack-based) 0CFA and 1CFA and hybridized 0CGADI and 1CGAD],
respectively, each of which exhibits perfect stack precision as offered by the ADI framework. The
abstract semantics for each analysis is tuned for maximum precision by using domains that can
express concrete values and the “crush” store extension technique [4] which preserves precision
through primitive operations. Each analysis was deployed with a path- and flow-insensitive global
store.

In conservative static analysis, there is an inherent tension between precision and scalability. On
one hand, results with higher precision are more actionable; on the other, maintaining precision
increases the size of the explored execution space, which takes more time to complete. With this in
mind, we compare the number of precise results and the size of the execution space explored by
each analysis. For the purposes of this evaluation, a precise result is either a concrete result or an
abstract result expressing a concrete value (a “singleton abstraction”). The pure abstract semantics
may produce only the latter of course, but the hybrid semantics may produce both, and we break
down results as concrete or singleton abstract.

Figure 11 presents a comparison of the number of precise results across analyses and programs.
A Singleton Abstract/Abstract value is a precise abstract value produced by abstract evaluation of a
configuration (the default in the pure abstract semantics and a possibility in the hybrid semantics);
a Singleton Abstract/Concrete value is a precise abstract value produced by an (attempted) concrete
evaluation of a configuration, possible only in the hybrid semantics; a Concrete value is of course
a concrete value produced by the concrete evaluation of a configuration in the hybrid semantics.
The histograms chart the number of precise values obtained by each analysis on each program
with CFA on the left and CGADI on the right. 0CFA timed out on regex-derivative and 1CFA
timed out on sat-brute, regex-derivative, and solovay-strassen; 1CGADI timed out on
solovay-strassen. In most cases, CGADI produces a higher number of precise values—in some
cases, much higher (note the log scale of the count axis)—and typically is able to produce concrete
values. A crucial fact is that, because CGADI degenerates to CFA, CGADI is always at least as precise
as CFA. Consequently, in the cases where the CFA produces a higher number of precise values than
the corresponding CGADI, we can verify (in the next comparison) that it has encountered more
configurations, demonstrating that it has needlessly multiplied the execution space.

Figure 12 presents a comparison of the number of configurations encountered across analyses and
programs. The histograms chart the number of configurations in a 0CFA/0CGADI analysis (above)
and a 1CFA/1CGADI (below). Golden regions indicate configurations evaluated in abstract mode
and blue those evaluated in concrete mode. Hence, the solid gold bars on the left correspond to the
entirely-abstract 0CFA/1CFA. On the programs crafted to exercise static analyzers, CGADI was able
to maintain concrete evaluation for the entire evaluation of the program. The facehugger program
is crafted to cause analyses to reuse addresses unless they employ abstract garbage collection [24].

2Stack-based k-CFA does not record the k-most-recent call sites but rather the top-k call sites on the stack, just as m-CFA [25]
does. However, it retains the nested environment structure and binding behavior of k-CFA, contra m-CFA.
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Precise Value Comparison of 0CFA vs. 0CGADI
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Fig. 11. Each graph presents a comparison between the number of precise results produced by CFA and a
corresponding CGADI, broken down by program. The top graph presents the results for a context-insensitive
analysis (k = 0) and the bottom for a context-sensitive analysis (k = 1). Precise results are concrete or singleton
abstract from a concrete evaluation (both which only CGADI produces) or singleton abstract from an abstract
evaluation (which CFA only produces).

Configuration Comparison of OCFA vs. 0CGADI
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Fig. 12. Each graph presents a comparison between the number of configurations encountered by CFA and a
corresponding CGADI, broken down by program. The top graph presents the results for a context-insensitive
analysis (k = 0) and the bottom for a context-sensitive analysis (k = 1). A configuration is encountered in
(and therefore evaluated in) concrete mode (in CGADI only) or abstract mode.
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Relative Analysis Time of m-CGADI to k-CFA
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Fig. 13. This graph presents a relative comparison of running times for CFA and a corresponding CGADI.
Blue bars graph the ratio of 0CGADI’s running time to 0CFA’s are gold bars graph that of 1CGADI’s to 1CFA’s.
The time axis has a linear scale.

Because concrete evaluation in CGADI exhibits perfect binding precision, it is able to avoid address
reuse. Morever, it is able to avoid reuse despite the fact that its store is global, a setting in which
abstract garbage collection is completely ineffective. The map-pattern program includes maps
over static lists. CGADI is able to build up the resulting lists with perfect fidelity as the input list
decreases in size each recursive call, demonstrating the effectiveness of the size-change call guard.
The regex-derivative program applies static patterns first to several static inputs and then to a
dynamic input. Despite the dynamic input, CGADI is able to maintain concrete evaluation for the
vast majority of the program. With respect to the raw number of states, 0CGADI exhibits about the
same as or more states than 0CFA in general and 1CGADI exhibits about the same or less. As the
number of states does not change for the programs on which CGADI remained entirely concrete,
this flip is due to a mild state space explosion common with the addition of context sensitivity.

We ran the analysis with a timeout for each program run of two minutes, which is an order of
magnitude longer than the longest successful analysis within the benchmark programs. Figure 13
presents a comparison of the running time across analyses and programs. The histograms chart the
relative running time of 0CGADI to 0CFA (dark blue) and 1CGADI to 1CFA (gold). Compared times
are the average of 30 runs of the analysis on each program. In most cases, 0CGADTI’s analysis times
are higher than 0CFA’s, being just over 3x higher at most. However, most of 1ICGADTI’s analysis
times are about at or lower than 1CFA’s. Although not reflected in this figure, the memory and
time overhead of call guards is negligible.

8.2 Larceny R6RS Benchmarks

We dispatched CGADI on a subset of the Larceny R6RS benchmark suite including tak, cpstak,
ack, and others. 0CGADI was able to maintain concrete evaluation for the entire execution of every
program except primtest which performs a call to random and therefore exhibits nondeterminism.
As Scheme implementation benchmark programs, these programs are by and large deterministic and
those that aren’t, such as primtest, have extremely similar execution profiles across executions.
Nevertheless, many static analyses use these programs as analysis benchmarks and on which
recover much more (i.e. less-precise) behavior than single concrete execution. We see the fact that
0CGADI performs as a concrete interpreter as evidence of the sheer effectiveness of the size-change
termination principle and the sensibility of its integration into the static analysis.

9 Related Work

This work is formulated in the framework of Abstract Definitional Interpreters [4] which itself
derives from the seminal Abstracting Abstract Machines methodology of Van Horn and Might [32].
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This work borrows the SCT machinery from Nguyen et al. [27] which uses dynamic size-change
monitoring to conservatively detect when a particular function has entered an infinite sequence.
Nguyen et al. [27] then abstract the semantics to obtain a static analysis which can reason about
termination statically which expressly does not have to have SCT knowledge built-in. We repurpose
their dynamic monitoring in a static setting and integrate SCT deeply within the semantics; the
static setting also allows us to know more about called functions, which keeps SCT monitoring
sound.

Toman and Grossman [31] present a framework for combining concrete and abstract interpre-
tation aimed at analyzing programs themselves written in frameworks. Their work is based on
the state separation hypothesis that framework-based programs partition both data/execution into
framework-specific and program-specific segments and that data/execution within the framework
segment is mostly concrete. Our work is motivated by similar goals and observations as Toman and
Grossman [31]’s—that real programs execute in different phases and that some admit essentially
concrete execution. However, the phase separation in their work is driven by the state separation
hypothesis in which one region of the code is designated as concrete and the other as abstract. Our
approach is more fine-grained, both statically and dynamically, and allows the same code to be
evaluated in different modes at different analysis times. We intend to explore the efficacy of our
approach on framework-based applications more directly in future work.

Another related work is the recent trace-based CFA [26] which derives a semantic account of
constraint-based k-CFA. Like us, it recognizes the reliance constraint- and abstract machine-based
formulations of CFA have on finite state spaces to ensure termination. In response, it proposes a
new widening technique to permit infinite domains. It realizes this widening technique in VCFA
which widens the output of evaluation when it detects a cycle and widens the input at the request
of the analysis client. VCFA is thus similar to a CGADI using a reentrant call guard. With the size
change call guard, CGADI is able to continue concrete evaluation even into recursive calls so long
as the size-change condition is met. While we have not described it this way, the degeneration
from concrete to abstract mode effects a kind of widening in the semantics, in which precision
residing in an infinite space is abandoned to ensure (or accelerate) convergence.

Might and Manolios [23] show that an abstract interpretation’s resource allocation policy may
adapt to the conditions of the analysis itself (e.g. to preserve precision) and be proven sound a
posteriori. Our work embodies a specific instance of their general result in that the concrete/abstract
nature of a resource’s allocation adapts to the advice of the call guard. Jenkins et al. [13] present a
Galois unions, a framework in which one can realize semantics with varieties of precision in a lattice
that the analysis ascends as it operates. At the bottom of this lattice resides the concrete semantics
where the analysis begins. Galois unions are presented in an AAM-style small-step setting, and
offer only a fixed number of steps as a transition threshold from concrete to abstract. Moreover, this
work offers no means for the analysis to descend the lattice of semantics. It is possible to cast the
concrete—abstract mode distinction in CGADI as a nearly trivial lattice of semantics. However, by
utilizing size change information, CGADI offers a principled and dynamic transition criterion and,
by working in a big-step setting, can descend the semantic lattice as well to recover precision. We
consider it future work to generalize CGADI to richer lattices of semantics and to develop coherent
critera to traverse them.

In object-oriented settings, there has recently been an explosion of work devoted to making more
intelligent use of context, utilizing it only when needed to preserve precision. Wei and Ryder [37]
present an adaptive analysis for JavaScript which applies an inexpensive points-to analysis to each
function to determine the specific context-sensitive analysis it should apply in a subsequent stage.
Jeong et al. [15] apply a data-driven learning algorithm to determine the sensitivity level to permit
at each program site, up to a fixed size k, for call-site, object, and type sensitivity. In follow-on
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work, Jeon et al. [14] use a similar data-driven approach to make more efficient use of the context
in a k-limited analysi by intelligently selecting which k parts of the context should be recorded
(instead of the k-most-recent), which they refer to as tunneling. Li et al. [21] present the ZIPPER
algorithm to achieve selective context sensitivity which uses a principled approach to identify flow
patterns that give rise to analysis imprecision. EAGLE [22] applies context sensitivity selectively
at the granularity of variables and allocation sites, using the results of a program pre-analysis to
determine sensitivity levels. All of these works acknowledge and address the difficulty of selecting
the appropriate pieces of context, which we see as analogous to the difficulty of knowing when to
proactively abstract in our framework. Each of these works yields an analysis rooted in an abstract
semantics and so it is apparently possible to apply call guards as presented in this work to obtain a
hybridized analysis of concrete and abstract semantics.

10 Conclusion and Future Work

We have presented CGADI, an ADI-based framework which integrates concrete and abstract
execution, which governs the transition from the former to the latter with a parameterizing call
guard. We have presented two examples of call guards: a reentrant call guard which accounts for
existing work within the framework, and a novel size-change call guard which uses the size-change
principle of program termination to permit concrete execution to persist on paths that exhibit strict
monotonic descent among values according to a specified metric.

To provide a reasonable and reliable complexity bound, future work may elaborate call guards to
make explicit a proactive policy to transition to abstract execution, as well as explore the policy
space to identify features of effective policies.

Modern languages feature rich control constructs which go beyond the simple call-return
behavior captured by stack-precise models. Future work may extend the ADI framework to support
such constructs, perhaps by supporting call/cc to provide support once and for all, as Vardoulakis
and Shivers [34] do for CFA2, and by the same means. Once extended, subsequent future work may
integrate the approach into the hybrid setting, in particular working out the interplay between a
concrete and abstract treatment of non-local control.

A Computing the Abstract Semantics

An analysis of a program pr is a pair ($,R) : [E?Enng - P(m)] X P(C’mﬁg) such that R
contains the configurations reachable from the initial configuration 7 (pr) = pr L 1 (). and $ is
a cache mapping reachable configurations to their results. We say that ($, R) |= pr if and only if
T(pr)>é=¢éecRand T (pr)>éené]rlt = rslt € 8.

The best analysis ($*, R*) is defined as the least fixed point of the functional

A —  n8 7 A oA AS A
F=A$R).| (& rsle: ¢ 1 rslt), (& 658D
¢ER
where the initial configuration i (pr) is assumed reachable. In other words, ($*, R") is defined

($*,R") = Ifp(A($, R).F($,R) U (L, {Z (pr)}))

In the definition of ¥, the relations ﬂ$ and =% are the relations J and = except that recursive
references in the definition appeal directly to ($, R). Using these relations pulls all recursion outside
of ¥, bringing it into the view of the analysis’s fixed point search.

To connect the functional # with the evaluation and reachability semantics, Darais [5] proves
the following theorem:
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THEOREM A.1 (ALGORITHM CORRECTNESS [5]). The analysis ($*, R*) is valid for program pr, i.e.,

($%.RY) [ pr.

The space of analyses is finite and ¥ is monotonic, so the least fixed point can be computed by
Kleene iteration. A convenient means to express and compute this analysis is an abstract definitional
interpreter [4, 36] and our implementation, used to perform the evaluation in §8, takes this form.

B Soundness and Computability

We are now obliged to show that instantiating CGADI produces a sound and computable analysis.
Our soundness argument will be standard. Our computability argument will not be, however:
whereas typical computability arguments merely to the finiteness of the execution space, we appeal
to the finiteness of paths.

B.1 Soundness

A sound analysis is a trustworthy analysis; a statement of soundness says that any behavior of the
concrete semantics is simulated by the abstract semantics. Before we can correspond behaviors,
however, we must correspond state spaces.

B.1.1  Abstraction. We define a family of abstraction functions | - |[x which map from the concrete
to the abstract state space.

lepot|=eplo|tconL |oo| = con(v) |o] |o| = Aa.con(o(a))

A configuration abstracts componentwise; expressions are untouched; the store, mode, and
call cache—not present in concrete configurations—take on their most-refined values (cf. the next
section). A stores is “abstracted” to abstract each value within. A value is “abstracted” by tagging it
as concrete. Abstracting a concrete configuration introduces a concrete mode and the most-refined
call cache.

B.1.2  Refinement. We now define a family of refinement relations E which establish the relative
precision between abstract components. Abstract components which may contain store references
(addresses) are refined in the context of a store.

Figure 14 presents the family of refinement relations. Refinement of configurations and results
lifts componentwise. Environments refine if their entries refine. Values within environments follow
the concrete value refinement. Addresses within environments are looked up in the store and then
follow the abstract value refinement. A value in an environment refines an address if the value
abstracted refines the abstract value in the store. Refinement of denotable values follows the same
pattern, but with no store lookup. Concrete closure follows environment refinement. Concrete
constants and primitives refine with equality. Abstract values (a product of a base abstraction and a
powerset of procedures) refine componentwise. The base refinement is inherited from the base
abstraction and is a property of the host CFA. The abstract procedure refinement requires that
every procedure in the refining set has a counterpart in the refined set which it refines. Concrete
evaluation mode refines abstract evaluation mode. Call caches are refined as maps. SCGs are refined

as maps according to Order refinement given in §7.1.

B.2 Evaluation Soundness

Having established an abstraction between the state spaces, and a refinement relation between
abstract components, we move to showing that the abstract semantics simulates the concrete.
Our strategy is to show that abstract evaluation and call preserve refinement; simulation quickly
follows.
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Fig. 14. Abstract domain refinement

LEMMA B.1 (EVALUATION PRESERVES REFINEMENT). Ifgfg C Efg, and Efgﬂ rslt then Efg’ 1 rslt
where rsit C rslt .

The preceding two lemmas are proven by mutual induction on the refining derivations. The
proof also relies on metafunctions preserving refinement, such as bind:
With these lemmas in hand, we can prove the simulation theorem:

THEOREM B.2 (SIMULATION). Iflepot| EepctMCandepot || vo' then ep&tMCl]z?&’
where lvo’| 367 .

Proven by appeal to the refinement of evaluation and the definition of abstraction (which produces
the most-refined configurations and results).

The hybrid semantics is deterministic in the disposition of its result. That is, although a config-
uration may have multiple derivations, no configuration yields both a concrete and an abstract
value within its result. Moreover, when a concrete value is produced, the hybrid semantics reflect
the determinism of the concrete semantics, so that the two values are identical. This property is
captured by the following theorem.

THEOREM B.3. Ifgfgﬂ 0o 69 and c}éﬂﬁl 61, then 0y = con(v) if and only if 91 = con(v), for some
concrete value v.

B.3 Reasoning about Nontermination Within Programs

We have defined our semantics in big-step style which does not provide facilities to reason about
termination. Instead, a terminating evaluation is evidenced by a finite derivation that the config-
uration in question yields the purported result, and a nonterminating evaluation simply has no
derivation at all.
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Fig. 15. The reachability relation

To gain the ability to reason about termination, we follow the approach of Jones and Bohr [17]
to define a notion of reachability between configurations. The notion we define expresses that, if
cfg, reaches cfg,, then the termination of cfg,’s evaluation depends on the termination of cfg,. It
captures the idea that, if one were writing the derivation of cfg, by hand, one would encounter the
derivation of cfg,. This encounter is meaningful whether or not the derivation of cfg, converges,
or the derivation of cfg,, for that matter.

We define the reachability relation = as a judgment epot = e’ p’ ¢’ t’ in Figure 15. A let
expression configuration reaches a configuration focused on its bound expression (BOuND-REACH).
If that configuration evaluates to a result, the overall let configuration reaches a configuration
focused on its body with the environment and store appropriately extended (Bopy-REACH). An
application call expression configuration reaches the entry configuration of the call if the operator
evaluates to a closure (CE-APPLICATION-REACH). A case call expression configuration reaches the
configuration of the body of the selected clause (CE-CASE-REACH).

Using this relation, we define the configuration tree R,, of a program pr is the smallest set of
configurations containing 7 (pr) that is closed under =, which is not necessarily finite. Whether or
not the configuration tree is finite, an evaluation converges if and only if all of its evaluation paths
converge. In short, nontermination is a path-based phenomenon, as captured by the following
lemma.

LEMMA B.4 (NONTERMINATION IS SEQUENTIAL [17]). For a program pr, I (pr) || rslt for result
rslt if and only if Ry, has no infinite call chain I (pr) = cfg, = cfg, = ....

This lemma provides us with a strategy to ensure the convergence of the analysis: if the analysis
can guarantee that the evaluation along the path of a configuration chain is finite, it can simply
allow it to converge; if, however, it cannot make that guarantee, it can apply abstraction to ensure
that only a finite number of states occur on the path. The applied abstraction ensures that the path
behavior is overapproximated by a finite number of states while the caching algorithm ensures
that the analysis does not revisit any given state without bound.

B.4 Computability

CGADI is computable if it encounters a finite number of configurations. This we establish using
Koiig’s Lemma, which states that a rooted, finitely-branching tree which is infinite must have an
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infinite path. The judgments for the evaluation and call relation define just such a tree, rooted at an
initial configuration, and whose branches consist of evaluation paths—sequences of configurations
guarded by a call cache. CGADI evaluation itself occurs in the context of an ADI-style caching
algorithm which intercepts the evaluation of configurations already encountered on a path. Thus,
we can show that no evaluation path is infinite by showing that evaluation can encounter only a
finite number of configurations on it.

The proof relies on an ordering on call cache-store pairs which has no infinite ascending chains,
which allows us to show that evaluation produces a monotonically-increasing sequence of call
caches on an evaluation. We can then show that, where abstract transitions don’t strictly increase
the call cache, they increase the store or must reach a previously-seen configuration.

LeEMMA B.5. Each evaluation path has only a finite number of distinct configurations.

By Lemma 7.4, the call cache or store increases or the evaluation path starts repeating. By
Lemma 7.3, there cannot be an infinite ascending sequence of call caches for a finite program. Thus,
there is a finite number of increases before the evaluation path starts repeating.

LEMMA B.6 (COMPUTABILITY). From any configuration cfg, only a finite number of distinct states
are reachable.

By Lemma B.5 and an application of Konig’s Lemma.

THEOREM B.7 (HYBRID EvALUATION COMPUTABILITY). If the call cache has no infinite ascending
chains and the call cache—store product increases on every novel call, then, for any program pr, only a
finite number of distinct states are reachable from I (pr).
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